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ABSTRACT
Products defined in the context of noncommutative gauge theory allow for an interpolation
between exact results on tachyon potentials at zero and large background B-fields. Techniques
for computations of effective actions are transposed from the framework of gauge theory to the
framework of boundary string field theory, resulting in deformations of the noncommutative
tachyon potential by anomalous dimensions.
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1 Introduction
Open strings propagating in a definite closed-string background give rise to a path integral
whose classical action consists of two terms. The first one is an integral over the whole world-
sheet Σ encoding the closed-string background, while the second one is an integral over the
boundary encoding the coupling of open strings:
Z =
∫
DX exp
(
− SΣ[X ]− S∂Σ[X ]
)
.
When SΣ is taken to be the coupling of Σ to the flat space-time metric, as well as to a constant
B-field, and S∂Σ to be the integral of the gauge field carried by open strings, namely
SΣ[X ] =
∫
Σ
(δµνdX
µ ∧ ∗dXν +B) ,
S∂Σ[X ] =
∫
∂Σ
A,
the saddle-point approximation to the path integral above allows for a stringy derivation of the
Born–Infeld action [1, 2]. We will dwell on the case of fully Neumann boundary conditions and
Abelian gauge field (a single space-filling D-brane is present).
Going beyond this approximation amounts to taking derivatives of the field strength into
account. Andreev and Tseytlin [3] worked out the first derivative corrections, and Wyllard
brought more systematics [4] into the computation of those corrections at higher orders, both
in the Born–Infeld and in the Wess–Zumino couplings. The Seiberg–Witten limit [5] of string
theory, where noncommutative field theory becomes a valid description of the gauge theory
along the brane, subsequently provided lots of predictions for corrections from the very struc-
ture of star-products [6]. Those predictions, encoded [7, 8] in n-ary products ∗n were proven
to be consistent with the work of Wyllard at low orders in derivatives, and then derived from
commutative string theory [9, 10].
These encouraging results obtained in the Seiberg–Witten limit invited to go beyond this
limit, investigating the contribution of anomalous dimensions. This led to the definition of
deformed star-products ∗˜n from the computation of path integrals, that in turn induced defor-
mations of noncommutative gauge theory [11, 12].
Another physical sector carried by open strings comes from the tachyon field coupled to the
boundary,
S∂Σ[X ] =
∫
∂Σ
T
(
X|∂Σ(τ)
)
dτ.
This is a different physical framework from the one of the gauge sector, with important non-
perturbative outputs regarding the vacuum of string theory through the tachyon condensation
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picture [13]. Boundary string field theory [14, 15, 16] gave rise to successful checks of tachyon
condensation [17, 18]. Investigations of noncommutative tachyons were performed in the large-B
limit [19, 20]. From the technical point of view, similarities may be noted with the results on
the gauge sector, as far as noncommutative field theory is concerned. Star-products have indeed
been proven to be relevant for the expression of the tachyon effective actions for the bosonic
string in works by Cornalba and Okuyama [21, 22]. The model was in fact exactly solved for
a quadratic tachyon field, and shown to be consistent with tachyon condensation.
However, the step of the deformation of star-products still has to be completed, in order to
really parallel the insights we got on the gauge sector from noncommutative field theory. This
is the purpose of the present note. I shall first perform computations with a general tachyon
field, thus recognizing the pattern of Abelian gauge theory. Differences coming from the ab-
sence of fermions and induced form gradings will be outlined. The result will be analogous to
the previously known noncommutative tachyon effective action, except for the deformation of
star-products, and the restoration of the kinetic term. As a check, I shall recover the exact
solution for a quadratic tachyon potential, just by bounding the order of allowed derivative
corrections.
2 Deforming the partition function
Let Σ be the world-sheet with the topology of a disk. The boundary is coupled to the tachyon
field T . Expanding the factor containing the boundary interaction in powers of T in the
partition function
Z(T ) =
∫
DXe−SΣ[X]−
∫
∂Σ
T (X(τ))dτ
naturally leads to integrals over various ways of inserting any number of tachyons along the
boundary of the disk. In fact we are computing a generating function for such amplitudes,
corresponding to smearing tachyons over the boundary.
The computation of the path integral Z(T ) is formally similar to the one performed to obtain
star-products from ordinary string theory. Of course we do not have fermionic zero modes in
the present context to build the grading of differential forms coupled to Ramond–Ramond form
fields, but the expansion of the spatially-varying tachyon field makes fluctuations of scalars
appear at various powers, whose contractions with the scalar propagator provide the result of
the path integral. Namely, let us split the scalar field into zero mode and fluctuating part:
Xµ(σ) = xµ + ξµ(σ),
and write subsequently
T (X(σ)) = T (x) +
∑
p≥1
1
p!
ξµ1(σ) . . . ξµk(σ)∂µ1 . . . ∂µkT (x).
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The integrand splits into a Born–Infeld contribution and an expectation value of the boundary
insertion.
Z(T ) =
∫
dx
√
det(1 +B)
∫
Dξe−SΣ−S∂Σ.
Expanding the integrand to a given order in the tachyon field produces monomials in the
fluctuations ξµ of the coordinates. Those fluctuations that contribute to the path-integral allow
for Wick contractions that do not connect scalars located at the same σ. The simplest of such
contributions comes from the quadratic order in the tachyon and reads:∫
dσ1
∫
dσ2
∑
k≥1
(
1
k!
)2
ξµ1(σ) . . . ξµk(σ1)ξ
ν1(σ2) . . . ξ
νk(σ2)∂µ1 . . . ∂µkT (x)∂ν1 . . . ∂νkT (x).
One of the two integrations is dealt with using translation invariance, one of the 1/k! factors
is compensated by the number of possible contractions with the two-point function of scalar
fields on the disk (regularized by a small parameter ǫ):
Dµν(σ) = α′
(
θµν
2πα′
log
(
1− e−ǫ+iσ
1− e−ǫ−iσ
)
+Gµν log |1− e−ǫ+iσ|2
)
.
This propagator was used in [11, 12] in order to dress noncommutative field theory with the
contribution of anomalous dimensions. The simpler noncommutative field theory obtained in
the Seiberg–Witten limit corresponds to keeping only the first term. As far as combinatorial
problems are concerned, the counting of contractions is performed in the same way, whether or
not the second term is included. It is explained in [10] how to recursively obtain ∗k-products
for the contribution of order k in the field strength. These products therefore found a deriva-
tion from commutative string theory after their first appearance from geometric consistency
conditions in noncommutative gauge theory [7, 8]. It was noticed that the recursion worked for
arbitrarily high order k, and was only stopped by dimensionality (antisymmetry of the finite
algebra of fermionic zero modes). In the present context of tachyon fields, the contribution up
to quadratic order to the path integral reads
Z(T ) =
∫
dx
√
det(1 +B)
(
1 + T +
1
2!
T ∗˜2T + . . .
)
,
where ∗˜2 denotes the deformation of the binary differential operator ∗2:
∗˜2 =
Γ(1 + 2∂G∂′)
Γ(1− ∂θ∂′ + ∂G∂′)Γ(1 + ∂θ∂′ + ∂G∂′)
, ∗2 =
sin(∂θ∂′/2)
∂θ∂′/2
.
The first term in Z comes from the zero-tachyon contribution, and the first order in T does
not receive corrections because those could only come from self-contractions of scalars. The
recursive computations of [10, 12] can be reproduced in the same fashion as above, leading to:
Z(T ) =
∫
dx
√
det(1 +B)
(
1 + T (x) +
∑
k≥2
1
k!
∗˜k[T
k(x)]
)
,
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where the higher-degree deformed k-ary operators contribute:
∗˜k =
∫ 1
0
dτ1 . . .
∫ 1
0
dτk
∏
1≤i<j≤k
exp {iπaij(2τij − ǫ(τij))} (2 sin(πτij))
2tij .
We symbolically denote the result by
Z(T ) =
∫
dx
√
det(1 +B) exp(−∗˜T (x)).
Taking the anomalous dimensions of the tachyons to zero reduces the deformed k-ary star-
products to the ordinary ones ∗k [8]. Taking B to be large then yields the expression derived
in [21], as it should.
3 Consistency check for a quadratic tachyon field
Let us consider the exactly solvable model with a quadratic tachyon field
T (X) := a + uµνX
µXν ,
studied by Witten without a B-field [23], where uµν is a symmetric tensor. The partition func-
tion in the closed-string background we considered above was obtained by Okuyama [22], who
computed the propagator and restricted it to the boundary. Such a computation is analogous
to the derivation of the Born–Infeld action in [2], but the saddle-point approximation is in
fact exact. This result should be reproduced by our general formula. In the present case, the
derivative expansions are cut at quadratic order, making some solidarity appear between the
order in the tachyon field and the order in derivatives. Fortunately, Wyllard studied [4] the
relevant analogous terms in boundary-state computations for Wess–Zumino couplings. We will
see that our check reduces to a translation work. We will namely have to provide a dictionary
from the language of 2n-derivative corrections to 2n-forms, to the language of 2n-derivative
corrections to 2n-th powers of the scalar field T .
The work [4] addressed the problem of the 2n-form 2n-derivative terms in the Wess–Zumino
couplings to a space-filling D9-brane in the background of a flat metric and constant B-field.
It is of the same class as the problem at hand, since the interactions in the path integral also
consist of a boundary coupling:∫
dτdθDφµAµ(φ) = −
∫
dτdθ
∑
k≥0
1
(k + 1)!
k + 1
k + 2
Dφ˜νφ˜µφ˜µ1 . . . φ˜µk∂µ1 . . . ∂µkFµν(x)
−
∫
dτ(ψ˜µψν0 + ψ
µ
0ψ
ν
0 )
∑
k≥0
1
k!
X˜µ1 . . . X˜µk∂µ1 . . . ∂µkFµν(x).
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As discussed above, the only contractions in the computations of [4] that contribute in our
bosonic framework are those between scalars. We are going to map the computation of the
Wess–Zumino couplings to our context,∫
dτdθDφµAµ(φ) 7→
∫
T (X(τ))dτ,
by replacing the field strengths Fµν in those couplings with tachyon fields T , and cancelling any
term that does not carry two zero-modes for each field strength (since those involve fermions).
Finally, we have to replace any product of fermionic zero-modes by 1, thus destroying the
graded structure and allowing for terms of arbitrarily high degree in T .
The simplification that occurs, due to the quadratic nature of the tachyon field, comes from
the low number of derivatives that can act on it. A correction of order n in uµν namely has to
come from the expansion at order n in the tachyon field, with two derivatives acting on each
of the factors, as:
∑
p≥2
∫ ( p∏
i=1
dσi
)
1
(2!)p
(
p∏
i=1
ξµ1(σi)ξ
µ2(σi)∂µ1∂µ2T (x)
)
.
These corrections belong to the formal class of 2n-form 2n-derivative corrections derived in [4]
with the analogies described above: the two-form F is replaced with T , and the term ∂ρ1∂ρ2Fµ1µ2
therefore reduces to uρ1ρ2 . With these rules, the analogous object to the matrix-valued two-
form called S in section 3 of [4] (taking the form of the curvature of non-symmetric gravity) is
just the tensor uµν (since the graded structure of the algebra of forms disappeared):
S = ∂ρ1∂ρ2F + 2ιh∂ρ1F ∧ ∂ρ2F −→ uρ1ρ2 ,
where ι is the inner multiplication by vector fields and h is the inverse of g+B, with symmetic
and antisymmetric parts denoted as G and θ:
hµν =: Gµν + θµν .
Terms of the form
hν1ν2∂ρ1F[µ1|ν1∂ρ2Fµ2]ν2
disappear, because they come from integration of fermionic fluctuations. At this point we are
instructed to perform contractions that would yield the deformed ∗˜n differential operators if T
was not annihilated by higher-order derivatives. What we are going to obtain is a truncation
of these operators, in which each of the n factors is acted on at most twice. At fixed order n in
u, it is exactly what is called W2n in [4]
SWZ =
∫
C ∧ eF ∧
(
1 +
∑
n≥2
W2n
)
,
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with all orders n allowed (they are only formally defined for n > 5 in the gauge-theory context
because of the dimension of the world-volume and the grading induced by fermionic zero modes).
With these notations the first few terms are:
W4 =
ζ(2)
2
tr[(hu)2],
W6 =
ζ(3)
3
tr[(hu)3],
W8 =
ζ(4)
4
tr[(hu)4] +
1
2
(
ζ(2)
2
)2 (
tr[(hu)2]
)2
,
so that the contribution of all the corrections yields an exponential factor of
exp
(∑
n≥2
ζ(n)
n
tr[(hu)n]
)
.
Since uµν is symmetric, the traces can be expressed either as contractions with h or h
t, so that
we can make contact with the more symmetric notations of [22]:
tr[((G−1 + θ)u)n] = tr[(hu)n] = tr[(utht)n] = tr[(u(G−1 − θ))n].
We are ready to use the Γ-function identity
−e−γzΓ(1− z) = exp
(∑
n≥2
ζ(n)
n
zn
)
,
which was actually written as a formal remark by Wyllard, even if large-n contributions were
cut-off in the gauge sector. The insertion of tachyons on the boundary gives rise to the right
physical arena for the application ..of this formula, since all the terms of any given order n do
contribute. According to the above identity we obtain
Z = e−a exp
(
1
2
∑
n≥2
tr[((G−1 + θ)u)n]
)
exp
(
1
2
∑
n≥2
tr[((G−1 − θ)u)n]
)
= e−ae−γtrG
−1u
√
det Γ(1− (G−1 + θ)u)
√
Γ(1− (G−1 − θ)u),
in agreement with the Gaussian determinants evaluated in [22]. Our proposal has therefore
passed a first test. Let us also note that the formal limit θ → 0 of ∗˜2 (containing only contri-
butions from anomalous dimensions and no from noncommutativity), can be recognized in the
partition function derived in [24], where the β-function method [25] is carried on up to cubic
order.
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4 Conclusions
Derivative expansions of open-string effective actions may be obtained from algebraic rules
applied to fluctuations of world-sheet coordinates. These rules embody the presence of D-
branes as boundary states, and are dictated by the closed-string background. When the latter
contains a large constant B-field, noncommutativity introduces some more structure into the
form of the effective action, under the disguise of star-products.
These products are then subject to deformations coming from short-distance singularities
in the operator product expansions. We have seen that this program can be completed in the
case of tachyon insertions on the boundary on the world-sheet, as well as in the case of photon
insertions, where it was originally worked out. Moreover, objects such as k-ary products ∗k or
∗˜k with k ≥ 5, which were defined only formally in the context gauge theory, contribute to the
partition function computed above. Even though the Seiberg–Witten map is intimately tied
to gauge invariance and gave rise to the definition of the undeformed products [7, 8], all these
products and their deformations find a home in the effective theory of tachyons. This makes
them more relevant for open-string effective actions in the background of a B-field.
We obtained a closed expression for the partition function, which dresses the former results
with anomalous dimensions only through deformations of the star-products. Moreover, our
expression gives back the exact solution in the case of a quadratic tachyon field. As for the
effective action, taking anomalous dimensions into account will always generate a kinetic term.
The effective action is indeed related to the partition function through [16]
S(T ) =
(
1−
∫
d2x β(T (x))
δ
δT (x)
)
Z(T ),
so that, in the case of quadratic tachyon field, the effective action is obtained by acting on the
partition function with derivatives on the space of parameters a and uµν , as [22, 23]
S(a, u) =
(
1 + tr(G−1u)− a
∂
∂a
− tr
(
u
∂
∂u
))
Z(a, u).
where the second term was neglected in [21] because the β-function of the tachyon field T
is simply linear in T whenever anomalous dimensions are neglected. Once restored, it will
generate a kinetic term in the effective action. As for the potential, we are left with the
potential predicted by Gerasimov and Shatashvili, again dressed with modifield star-products:
V (T ) = (1 + T )∗˜e−∗˜T .
The zero-momentum limit of the deformed star-products cancels both the contribution of
anomalous dimensions and those of Moyal phases. We therefore notice, following the remark of
Dasgupta, Mukhi and Rajesh [19], that universality of the tachyon potential [26] is not violated
by the deformations we exhibited. Implications for noncommutative solitons [27] could come
from field redefinitions mapping the kinetic term to the ordinary one. It seems difficult to study
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solitons with anomalous dimensions included in the noncommutative picture, but on the other
hand, recent studies of the toy-model of noncommutative p-adic string [28, 29, 30]could provide
a hint. Allowing the coordinates on the boundary of the world-sheet to take values in the
field Qp of p-adic numbers led to an exactly solvable field theory for open string tachyons. We
are therefore furnished with the effective Lagrangian for tachyons. Recent works on noncom-
mutative solitons [28] relied on the following deformation by star-products induced by a term
coupling the world-sheet to a B-field. This construction proceeded in a way that is inverse of
the one we chose above in ordinary (Archimedean) string theory. Tachyons of the p-adic string
(or p-tachyons) were namely first considered as fields endowed with their anomalous dimen-
sions, with no B-field turned on [31]. The effective Lagrangian was subsequently deformed by
coupling the boundary of the world-sheet to a magnetic field. We thus have got a theory of
noncommutative p-tachyons with built-in anomalous dimensions. Noncommutative tachyons of
ordinary string were on the other hand considered in a limit where the anomalous dimensions
vanish, and the present work proposed that anomalous dimensions should be incorporated as
deformations of the noncommutative field theory, without destroying its structure. The toy-
model of p-adic strings is expected to lead to ordinary strings when p is sent to 1. This limit was
successfully checked in the commutative set-up by Gerasimov and Shatashvili in [16], where it
was observed that the effective action from boundary string field theory and the p→ 1 limit of
p-adic strings lead to the same equations of motion upon a change of variables. Further checks
could be related to an interpretation of B as a genuine closed-string background, instead of the
magnetic-field picture.
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